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Abstract
The present paper contains a generalization of some interpolation theorems
of S. A. Vinogradov [3].
1 Introduction
Let D denotes the unit disk in the complex plane and T - the unit circle. Let M
be the Banach space of all complex-valued Borel measures on T with the usual
variation norm. For α > 0, let Fα denote the family of functions g for which there
exists µ ∈ M such that
g(z) =
∫
T
1
(1− ξz)α
dµ(ξ), z ∈ D. (1)
We note that Fα is a Banach space with the natural norm
‖g‖Fα = inf {‖µ‖ : µ ∈M such that (1) holds } .
Definition 1. Suppose that f is holomorphic in D. Then f is called a multiplier
of Fα if g ∈ Fα ⇒ fg ∈ Fα.
01991 Mathematics Subject Classification:Primary 30E20, 30D50
0Key words and phrases:: Analytic function, Free interpolation, Cauchy-Stiltjes integrals, mul-
tipliers.
121
122 Peyo Stoilov
Let mα denote the set of multipliers of Fα and
‖f‖mα = sup {‖fg‖Fα : ‖g‖Fα ≤ 1} .
We shall note some results we shall use further.
Theorem A. Let α > 0. Then f ∈ mα if and only if
f(z)
1
(1− ξz)α
∈ Fα
for |ξ| = 1 and there is a positive constant A such that
‖f(z)
1
(1− ξz)α
‖Fα ≤ A
for |ξ| = 1.
Theorem B. Let 0 < α < β. Then mα ⊂ mβ ⊂ H
∞ and
‖f‖∞ ≤ ‖f‖mβ ≤ ‖f‖mα.
Theorem C. If the function f is analytic in D and
Ω(f)
def
=
1∫
0
π∫
−π
|f(reı θ)|(1− r)α−1 dθ dr <∞
for some α > 0, then f ∈ Fα+1 and ‖f‖Fα+1 ≤
α
2π
Ω(f).
Theorem D. Let α > 0. Then f ∈ Fα if and only if f
′ ∈ Fα+1. In addition
1
α
‖f ′‖Fα+1 ≤ ‖f‖Fα ≤ |f(0)|+
2
α
‖f ′‖Fα+1 . (2)
Theorems A and B were proved in [2]. From the proof of Theorem A it follows
that
‖f‖mα = sup
{∥∥∥∥ f(z)(1− ξz)α
∥∥∥∥
Fα
: |ξ| = 1
}
.
Theorem C is Lemma 1 in [4]. Theorem D was proved in [1]. On the inequalities
(2), see [4, Lemma 2].
In this paper some interpolation theorems due to S. A. Vinogradov for m1 and
F1 [2,Theorems 9 and 12] are generalized for mα and Fα, α > 0.
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2 Free interpolation in mα
Definition 2. We say that a sequence a = {ak}k≥1 ⊂ D satisfies Newman–Carleson
condition (condition (N − C)) if
δ(a) = inf
{∏
k 6=n
∣∣∣∣ ak − an1− akan
∣∣∣∣ : n = 1, 2, . . .
}
> 0. (3)
Lemma 1. Let a sequence a = {ak}k≥1 ⊂ D satisfy condition (N−C) and condition
σα(a) = sup
|ξ|=1
∑
k≥1
(
1− |ak|
2
|1− ξak|
)α
<∞, (4)
for some 0 < α ≤ 1. Then for each sequence x = {xk}k≥1 ∈ ℓ
∞, there is a function
f in mα, such that
(a) f(ak) = xk , k = 1, 2, . . . ;
(b) ‖f‖mα ≤ c
(
σα(a)
δ(a)
)2
‖x‖ℓ∞,
where c > 0 is a constant depending only on α.
Proof. The case α = 1 was proved in [3]. Let 0 < α < 1 and x = {xk}k≥1 ∈ ℓ
∞.
Consider the function that is used in [3]:
f(z) =
∑
n≥1
1− |an|
2
1− anz
Bn(z)
Bn(an)
xn,
where
Bn(z) =
∞∏
k = 1
k 6= n
z − ak
1− akz
|ak|
ak
, n = 1, 2, . . . .
Since the sequence a satisfies the condition (N − C), then from Lemma 9 ([3]) it
follows that
Bn(z)
1− anz
=
an
|an|
∑
k≥1
|ak|
ak
1− |ak|
2
1− akan
1
Bk(ak)
1
1− akz
.
124 Peyo Stoilov
This implies that
f(z) =
∑
n≥1
1− |an|
2
Bn(an)
an
|an|
xn
∑
k≥1
|ak|
ak
1− |ak|
2
1− akan
1
Bk(ak)
1
1− akz
=
∑
k≥1
1
1− akz
∑
n≥1
(1− |an|
2)(1− |ak|
2)
Bn(an)Bk(ak)
an|ak|
|an|ak
xn
1− akan
=
∑
k≥1
y(ak)
1− akz
,
where
y(ak)
def
=
∑
n≥1
(1− |an|
2)(1− |ak|
2)
Bn(an)Bk(ak)
an|ak|
|an|ak
xn
1− akan
.
Making use of (3) and (4) we estimate y(ak):
|y(ak)| ≤ ‖x‖ℓ∞
1− |ak|
2
δ2
∑
n≥1
1− |an|
2
|1− akan|
≤
σ1
δ2
‖x‖ℓ∞ (1− |ak|
2), (5)
where δ = δ(a) , σ1 = σ1(a). We note that σ1 ≤ σα for 0 < α < 1.
Further, Theorem A will be used to prove that f ∈ mα, or equivalently
‖f‖mα = sup{‖g‖Fα : |ξ| = 1} <∞, (6)
where
g(z)
def
= f(z)
(
1
1− ξz
)α
, |ξ| = 1.
Theorem D implies that it suffices to show that
g′(z) = f ′(z)
1
(1− ξz)α
+ αξf(z)
1
(1− ξz)α+1
belongs to Fα+1 and there is a constant B such that
‖g′‖Fα+1 ≤ B for all ξ ∈ T. (7)
Since 0 < α < 1 and σ1(a) ≤ σα(a) < ∞, then by the theorem of Vinogradov
f ∈ m1 and
‖f‖m1 ≤ 2
(σ1
δ
)2
‖x‖ℓ∞ .
Thus theorem B implies that f ∈ mα+1 and consequently
‖αξf(z)
1
(1− ξz)α+1
‖Fα+1 ≤ α‖f‖mα+1 ≤ α‖f‖m1 ≤ 2α
(σ1
δ
)2
‖x‖ℓ∞ .
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For the proof of (7) it remains to be shown that
f ′(z)
1
(1− ξz)α
def
= h(z) ∈ Fα+1
too. Since
f ′(z) =
∑
k≥1
y(ak)
(1− akz)2
ak,
from (5) it follows that
|f ′(z)| ≤
σ1
δ2
‖x‖ℓ∞
∑
k≥1
1− |ak|
2
|1− akz|2
.
Then
Ω(h) =
1∫
0
π∫
−π
|h(reıθ)|(1− r)α−1 dθ dr ≤
σ1
δ2
‖x‖ℓ∞
1∫
0
π∫
−π
∑
k≥1
1− |ak|
2
|1− akreıθ|2
(1− r)α−1
|1− ξreıθ|α
dθ dr =
σ1
δ2
‖x‖ℓ∞
∑
k≥1
1∫
0
π∫
−π
1− |ak|
2
|1− akreıθ|2
(1− r)α−1
|1− ξreıθ|α
dθ dr.
In [4] (Lemma 13) the inequality
1∫
0
π∫
−π
(1− r)α−1
|1− zreıθ|2|1− ξreıθ|α
dθ dr ≤ E
(1− |z|)α−1
|1− ξz|α
was proved for |ξ| = 1 , |z| < 1 and a constant E > 0 depending only on α. This
inequality implies that
Ω(h) ≤ E
σ1
δ2
‖x‖ℓ∞
∑
k≥1
(1− |ak|
2)(1− |ak|)
α−1
|1− ξak|α
≤ 2E
(σα
δ
)2
‖x‖ℓ∞
and by Theorem C h(z) ∈ Fα+1, and
‖h‖Fα+1 ≤ αE
(σα
δ
)2
‖x‖ℓ∞ .
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This completes the proof of the fact that g′ ∈ Fα+1 and
‖g′‖Fα+1 ≤ α(2 + E)
(σα
δ
)2
‖x‖ℓ∞ .
Since by Theorem D
‖g‖Fα ≤ |g(0)|+
2
α
‖g′‖Fα+1
and
|g(o)| = |f(0)| ≤ ‖f‖∞ ≤ ‖f‖m1 ≤ 2
(σα
δ
)2
‖x‖ℓ∞ ,
it follows from (6) that
‖f‖mα ≤ C
(σα
δ
)2
‖x‖ℓ∞ ,
where C = 6 + 2E.
This proves (b). The equalities (a)
f(ak) = xk , k = 1, 2, . . . ,
are obvious. 
3 Free interpolation in Fα
Lemma 2. Let a sequence a = {ak}k≥1 ⊂ D satisfy condition (N−C) and condition
σα(a) = sup
|ξ|=1
∑
k≥1
(
1− |ak|
2
|1− ξak|
)α
<∞, (8)
for some 0 < α ≤ 1. Then
(a) If g ∈ Fα, then (g(ak)(1− |ak|
2)α)k≥1 ∈ ℓ
1 ;
(b) For each sequence x = {xk}k≥1 ∈ ℓ
1, there is a function g in Fα, such that
g(ak)(1− |ak|
2)α = xk , k = 1, 2, . . . .
Proof. The case α = 1 was proved in [3]. Let 0 < α < 1.
Proof of (a). Let g ∈ Fα and
g(z) =
∫
T
1
(1− ξz)α
dµ(ξ).
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Then
∑
k≥1
|g(ak)|(1− |ak|
2)α =
∑
k≥1
∣∣∣∣∣∣
∫
T
(
1− |ak|
2
|1− ξak|
)α
dµ(ξ)
∣∣∣∣∣∣ ≤ ‖µ‖ σα(a) <∞.
Proof of (b). Let x = {xk}k≥1 ∈ ℓ
1 and
g(z) =
∑
n≥1
Bn(z)
(1− anz)α
xn
Bn(an)
,
where
Bn(z) =
∞∏
k = 1
k 6= n
z − ak
1− akz
|ak|
ak
, n = 1, 2, . . . .
Since |Bn(ak)| ≥ δ(a) > 0, to prove that g ∈ Fα it suffices to show that
gn(z) =
Bn(z)
(1− anz)α
∈ Fα and sup
n
‖gn‖Fα <∞.
From the proof of Theorem 5 [4] it follows that
‖Bn‖mα ≤ D ,
where the constant D depends only α and σα(a). Since ‖
1
(1−zw)α
‖Fα = 1 for |w| ≤
1 (Lemma 6, [4]), then
‖gn‖Fα ≤ ‖Bn‖mα ≤ D.
Therefore g ∈ Fα. The equalities
g(ak)(1− |ak|
2)α = xk , k = 1, 2, . . .
are obvious. 
4 Remarks
Condition (4), i.e. σα(a) < ∞ was introduced in [4]. For α = 1 this condition is
the uniform Frostman condition.
We also note that in [5] some interpolation theorems for mα and Fα were proved
in the case when a sequence a = {ak}k≥1 satisfies condition (N -C) and all points of
the sequence lie in a single Stolz region.
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